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Abstract
In this paper, by means of Darbo’s ﬁxed point theorem, we establish the existence of
solutions to a nonlinear discrete fractional mixed type sum-diﬀerence equation
boundary value problem in a Banach space. Additionally, as an application, we give
an example to demonstrate the main result.
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1 Introduction
Throughout this paper, we denote Na = {a,a + ,a + , . . .} and Nba = {a,a + , . . . ,b} for
a,b ∈R with b– a ∈N. Moreover, for any Banach-valued function u on Na, we make the
convention that
∑k
s=k u(s) = θ if k,k ∈ Na with k > k, where θ is the zero element of a
given Banach space.
In this paper, we consider the following discrete fractional mixed type sum-diﬀerence




βu(t) + f (t + β – ,u(t + β – ), (Tu)(t), (Su)(t)) = θ , t ∈N,
u(β – ) = θ , β–u(∞) = u∞,
(.)
where β ∈ (, ], β denotes the discrete Riemann-Liouville fractional diﬀerence of order
β , f :Nβ–×E×E×E → E is a continuous function, θ is the zero element of E,β–u(∞) =




k(t, s)u(s + β – ), (Su)(t) =
∞∑
s=
h(t, s)u(s + β – ),
where k :D→R, D = {(t, s) ∈N ×N : s≤ t}, h :N ×N →R.
In the last years, discrete fractional calculus and fractional diﬀerence equations with
various boundary conditions have been studied more intensively. For details, see [–];
we particularly should note that the recent monograph of Goodrich and Peterson [] is an
© 2016 Lv and Zhu. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
Lv and Zhu Boundary Value Problems  (2016) 2016:77 Page 2 of 14
extremely useful textbook for readers to obtain the fundamental background in discrete
fractional calculus. However, as far as we know, most of the recent papers, mainly based
on the Krasnosel’skii ﬁxed point theorem, are concerning about the existence of positive
solutions for discrete fractional boundary value problems on a ﬁnite interval, and few pa-
pers can be found in the literature for discrete boundary value problems on an inﬁnite
interval [].
Lv and Feng [] initially introduced some basic conceptions and fundamental results on
discrete fractional calculus for any Banach-valued function and also, using of the contrac-
tion mapping principle, investigated the existence and uniqueness of solutions for a class
of fractional mixed type sum-diﬀerence equation boundary value problems on discrete
inﬁnite intervals in Banach spaces. This is the ﬁrst attempt to study the discrete fractional
diﬀerence equation boundary value problems in abstract spaces.
It is well known that themeasure of noncompactness is a very powerful tool to deal with
diﬀerential equations [–], diﬀerence equations [–], integration equations [],
and diﬀerential inclusions [, ]. So, in this paper, we l employ noncompact measures
andDarbo’s ﬁxed point theorem to establish some conditions for the existence of solutions
to problem (.). We point out that the main result is even new and eﬃcient for integer
order case of β = .
The outline for the remainder of this paper is as follows. In Section , we recall some
useful preliminaries. In Section , we establish the existence result of problem (.), and
ﬁnally we present in Section  an example illustrating the abstract theory.
2 Preliminaries
In this section, we begin by presenting here some necessary deﬁnitions for discrete frac-
tional calculus, and more preliminary facts can be found, for example, in [, , , ].
Deﬁnition . For any t and ν , the falling factorial function is deﬁned as
tν = (t + )
(t +  – ν) ,
provided that the right-hand side is well deﬁned. We make the convention that if t +  – ν
is a pole of the gamma function and t +  is not a pole, then tν = .
Deﬁnition . The νth discrete fractional sum of a function f : Na → E for ν >  is de-
ﬁned by





(t – s – )ν–f (s), t ∈Na+ν .
Also, we deﬁne the trivial sum –a f (t) = f (t), t ∈Na.
Deﬁnition . The νth discrete Riemann-Liouville fractional diﬀerence of a function f :
Na → E for ν >  is deﬁned by
νaf (t) =n–(n–ν)a f (t), t ∈Na+n–ν ,
where n is the smallest integer greater than or equal to ν , and n is the nth-order forward
diﬀerence operator. If ν = n ∈N, then naf (t) =nf (t).
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We denote by C(Nba,E) the Banach space of all functions  : Nba → E with the usual
supremum norm ‖‖ = sup{‖ (t)‖ : t ∈Nba}. Deﬁne the space
X =
{















Furthermore, by means of the linear functional analysis theory we can easily verify that
(X,‖ · ‖X) is a Banach space. It is worth reminding that here we use α, αC , and αX to denote
the Kuratowski noncompactness measure of bounded sets in Banach spaces E,C(Nba,E),
and X, respectively. For more details on the Kuratowski noncompactness measure, we
refer the reader to [, ]. We state the following properties of the Kuratowski measure
of noncompactness and the Darbo’s ﬁxed point theorem, which are needed for the sequel
discussion.
Lemma . ([]) Let A⊆ C(Nba,E) be bounded. Then
(i) αC(A) = α(A(Nba));
(ii) α(A(Nba)) = supt∈Nba α(A(t)),
where A(t) = { (t) : ∈ A} and A(Nba) =
⋃
t∈Nba A(t).
Lemma . ([]) Let D be a bounded, closed, and convex subset of a Banach space E. If
an operator A :D→D is a strict set contraction, then A has a ﬁxed point in D.
Remark . A bounded and continuous operatorA :D→ E is called a strict set contrac-
tion if there is a constant λ ∈ [, ) such that α(AS)≤ λα(S) for any bounded set S ⊂D.
3 Main result
In this section, we establish the existence of solutions for problem (.) by using Darbo’s




t + β – ,u(t + β – ), (Tu)(t), (Su)(t)
)
, t ∈N,













|h(t, s)|[ + (s + β – )β–]
 + (t + β – )β–
< +∞;
(C) There exist nonnegative numbers qi, i ∈ N , and functions p,p : Nβ– → [,∞)
with p∗ =
∑∞
t=β– p(t)( + tβ–) < (β) and p∗ =
∑∞






q‖u‖ + q‖v‖ + q‖w‖
)
+ p(t)
for (t,u, v,w) ∈Nβ– × E × E × E;
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(C) For any positive number r ∈ Nβ–, f (t,u, v,w) is uniformly continuous on Nrβ– ×
BE(θ , r)× BE(θ , r)× BE(θ , r), where BE(θ , r) = {x ∈ E : ‖x‖ ≤ r};




) ≤ l(t)α(V) + l(t)α(V) + l(t)α(V), t ∈Nβ–,





















|h(t, s)|[ + (s + β – )β–]
 + (t + β – )β–
when (C) holds.
Next, we state and prove the following lemmas, which are necessary for the proof of the
main result.








q + qk∗ + qh∗
)‖u‖X + p∗. (.)









t + β – ,u(t + β – ), (Tu)(t), (Su)(t)
)∥
∥
















+ p(t + β – )
≤ p(t + β – )
[






|k(t, s)|[ + (s + β – )β–]




|h(t, s)|[ + (s + β – )β–]
 + (t + β – )β–
}
‖u‖X + p(t + β – )
≤ p(t + β – )
[
 + (t + β – )β–
](
q + qk∗ + qh∗
)‖u‖X + p(t + β – ). (.)
By summing both sides of (.) we get (.). So, this proof is completed. 




βu(t) + h(t) = θ , t ∈N,
u(β – ) = θ , β–u(∞) = u∞,














tβ– – (t – s – )β–, s ∈Nt–β ,
tβ–, s ∈Nt–β+.
Remark . The proof of Lemma . is similar to that of Lemma . in []. Hence, we




(β) for (t, s) ∈Nβ– ×N.








and due to Lemma . and Remark ., we have
‖(Fu)(t)‖
















q + qk∗ + qh∗
)‖u‖X + p∗ + ‖u∞‖
}
,
which implies thatF : X → X is well deﬁned and bounded. Furthermore, from Lemma .
we know that the existence of solutions for problem (.) is equivalent to that of ﬁxed
points of F in X.
Lemma . Suppose that (C), (C), and (C) are satisﬁed. Then the operator F : X → X
is continuous.
Proof Let {un}∞n= ⊂ X and u ∈ X be such that ‖un – u‖X →  as n → ∞. Then, {un}∞n= is
a bounded set of X, that is, there exists M >  such that ‖un‖X ≤ M for n ∈ N. By taking
limit we also have that ‖u‖X ≤M.
In view of (C), for any 
















On the other hand, condition (C) yields that there exists N >  such that for any n > N
and t ∈NL,
∥
∥gun (t) – gu(t)
∥
∥ ≤ (β)(L + )
. (.)
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p(s + β – )
[







|k(s, τ )|[ + (τ + β – )β–]




|h(s, τ )|[ + (τ + β – )β–]
 + (s + β – )β–
}





























Then, we conclude that ‖Fun –Fu‖X ≤ 
 for n >N . So F is continuous, and the proof is
completed. 
Lemma . Let B be a bounded subset of X. If (C) and (C) hold, then for any 
 > , there





 for each u ∈ B and any
t, t ∈NN .






∥ ≤M for any u ∈ B. (.)



































































Observing (.) together with limt→+∞ t
β–
+tβ–
= , we only need to show that for any 
 > ,






























 uniformly with respect to u ∈ B. (.)




In fact, for any t ∈NL+β+, L ∈N, we have
(t – L – )β–
tβ–
= (t – L)(t – β + )
(t + )(t – β +  – L)





j= (t – j – β + )
∏L–




















=  +  = .





(t – s – )β–
 + tβ–
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≤
(








































(t – s – )β–
 + tβ–












































Therefore, the proof is completed. 








Proof First, we claim that αX(FB)≤ supt∈Nβ– α( (FB)(t)+tβ– ).
In view of Lemma ., we know that for any 
 > , there exists a positive number N ∈


















the restriction of FB on NNβ–. By Lemma . we obtain












So, there exists a partition of B such that B =
⋃n
i= Bi, FB|NNβ– =
⋃n
i=FBi|NNβ– and






, i ∈Nn , (.)
where diamX(·) denotes the diameter of a bounded subset of X. Moreover, for all
Fu,Fu ∈FBi, i ∈Nn , and t ∈NN , (.) and (.) imply that













































































Since FB = ⋃ni=FBi, we get that αX(FB) ≤ supt∈Nβ– α( (FB)(t)+tβ– ) + 










Next, we show that supt∈Nβ– α(
(FB)(t)
+tα– )≤ αX(FB). For any given 
 > , there exists a parti-
tion FB = ⋃ni=FBi such that diamX(FBi) < αX(FB) + 
. Therefore, for any t ∈ Nβ– and






















< αX(FB) + 
.











Consequently, the proof of this lemma is complete. 
With all auxiliary results in hand, now we state the main result.
Theorem . If (C)-(C) hold, then problem (.) has at least one solution u in X.
Proof Choose
R > ‖u∞‖ + p
∗





u ∈ X : ‖u‖X ≤ R
}
.
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Then, for any u ∈ B, by Lemma . and Remark . we have
‖(Fu)(t)‖
















q + qk∗ + qh∗
)‖u‖X + p∗ + ‖u∞‖
} ≤ R,
which implies that F : B→ B.
SetD = co(FB). Obviously,D is a bounded, convex, and closed subset of B. In the sequel,
we show that the operator F :D→D is a strict contraction.
Observing that FD ⊂ FB ⊂ D, together with Lemma ., we know that F : D → D is
bounded and continuous. Finally, we show that there exists a constant λ ∈ [, ) such that







≤ λαX(V ). (.)











































p(s + β + )
[
 + (s + β – )β–
](
q + qk∗ + qh∗
)










→  as n→ ∞, t ∈Nβ–,
where dH(·, ·) denotes the Hausdorﬀ metric in space E. So, by the properties of noncom-
















(n > t – β).
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In view of (C) and (C), we know that {gu(t) : u ∈ V } is bounded. Relying on Lemma .,
































l(s + β – )α
(
V (s + β – )
)













 + (s + β – )β–
]
{
l(s + β – )
+ l(s + β – )
s∑
τ=
|k(s, τ )|[ + (τ + β – )β–]
[ + (s + β – )β–]
+ l(s + β – )
∞∑
τ=
|h(s, τ )|[ + (τ + β – )β–]










l(s) + l(s)k∗ + l(s)h∗
]
αX(V ).












l(s) + l(s)k∗ + l(s)h∗
]
.
So (.) holds with λ ∈ [, ), and from Lemma . we immediately obtain that problem
(.) has at least one solution in D. Hence, the proof is completed. 
4 An example







n[+(t+/)/] sin[un(t + /)] +
–t
n[+(t+/)/]





(s+)[+(s+/)/]un+(s + /)}/ = , t ∈N,
un(–/) = , /un(∞) = n! , n ∈N.
(.)
Conclusion System (.) has at least one solution {un(t)}∞n= such that un(t)→  as n→ ∞
for t ∈N–/.
Proof Let E = c = {u = (u,u, . . . ,un, . . .) : un → }. Evidently, (E,‖ · ‖) is a Banach space
with the norm ‖u‖ = supn |un| for any u ∈ E. Then inﬁnite system (.) can be regarded as
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a boundary value problem of the form (.) in the Banach space E. In this case, β = /,
θ = (, , . . . , , . . .) ∈ E, u∞ = (, /!, . . . , /n!, . . .) ∈ E,
k(t, s) = (t + s + ) , h(t, s) =
cos(ts)
(s + )[ + (s + /)/] ,
and f = (f, f, . . . , fn, . . .) with
fn(t,u, v,w) =
–t–/
n( + t/) sinun +
–t+/
n( + t/) ( + un+ + vn +wn+)
/, (.)
where t ∈ N/ and u = (u,u, . . . ,un, . . .), v = (v, v, . . . , vn, . . .),w = (w,w, . . . ,wn, . . .) ∈ E.
From the expression of fn we easily to see that f : N/ × E × E × E → E is continuous.






(t + s + ) = supt∈N







 + (t + /)/
∞∑
s=
| cos(ts)|[ + (s + /)/]









≤  + (/) <

 <∞.
So, condition (C) is satisﬁed. On the other hand, using the simple inequality
( + z)γ ≤  + γ z for z ∈ [, +∞),γ ∈ (, ),














(‖u‖ + ‖v‖ + ‖w‖) + 
–t+/
n( + t/) +
–t–/










( + t/) , p(t) =
–t+/
( + t/) +
–t–/
( + t/) , q = q = q = ,
which implies
p∗ = / < (/), p∗ < /.
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So condition (C) is satisﬁed. We can also verify that (C) holds by (.). Finally, we check
condition (C). Let f = f () + f (), where
f ()n (t,u, v,w) =
–t–/
n( + t/) sinun,
f ()n (t,u, v,w) =
–t+/
n( + t/) ( + un+ + vn +wn+)
/.
Then we obtain that for any bounded sets Vi ⊂ E, i ∈ N , α(f (t,V,V,V)) = , t ∈ N/.
In fact, since Vi, i ∈N , are bounded, there exists r >  such that Vi ⊂ BE(θ , r), i ∈N . Let






∣ ≤ rn[ + (/)] +

n[ + (/)] , n,m ∈N. (.)
Therefore, {f ()n (t,u(m), v(m),w(m))} is bounded, and so, by the diagonal method we can
choose a subsequence {mk} ⊂ {m} such that
f ()n
(
t,u(mk ), v(mk ),w(mk )
) → zn as k → ∞,n ∈N. (.)
Now, (.) and (.) imply
|zn| ≤ rn[ + (/)] +

n[ + (/)] , n,m ∈N. (.)

















∣ →  as k → ∞.






On the other hand, for any t ∈N/, u,u ∈ V, v, v ∈ V, w,w ∈ V, we have
∣











( + t/) α(V). (.)




) ≤ α(f ()(t,V,V,V)
) ≤ 
–t–/





(+t/) < / < (/), we get that condition (C) holds with l(t) =
–t–/
(+t/)
and l(t) = l(t) = . So by Theorem . our conclusion follows. 
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